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Problems concerning extremal set systems with intersections of restricted cardinality are
probably among the most popular problems in extremal combinatorics, leading to many surprising
discoveries and exciting questions. In this paper, we discuss the “weak” versions of some problems
of this type, where the restricted intersection property is weakened by the possible existence of
some (or maybe many) intersections having “exceptional” sizes. In particular, we prove a tight
upper bound for a weak version of the “odd town” problem. We also give a tight bound for a
weak version of the nonuniform Fisher inequality and see how the proof of this bound leads to an
extremal set theoretic characterization of Hadamard’s matrices. Finally, we display a tight bound
for a weak version of the “even town” problem, and use this bound to tackle problems concerning
systems with restricted multi-intersections.

1. Introduction

Let X be a set of n elements and L be a (not necessarily finite) set of non-
negative integers. A family F of subsets of X is called a set system with restricted
intersections (with respect to L) if the cardinality of the intersection of any two
members in F belongs to L. Given n and L, we denote by m(n,L) the maximum
size of such a family. The problem of estimating m(n,L) for various L results in
many popular and powerful theorems. In the following, let us describe some of
these.

The first and probably best known result in this area is the classical nonuni-
form Fisher inequality [3,10], which asserts that if all intersections have the same
cardinality, then the system cannot have more than n members. In our terminology,
it says

Theorem 1.1. If L contains only one number, then
m(n, L) < n.
The following theorem, proven independently by Berlekamp [4] and Graver [9],

determines m(n, L) in the case L is the set of all non-negative even integers. This
theorem is occasionally referred to as the “even town” theorem [3].
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Theorem 1.2. If L is the set of all non-negative even integers, then

m(n, L) = 21"/2 4 5(n),
where 6(n)=0 if n is even and §(n)=1 if n is odd.

Quite often, one may require additional conditions on the cardinality of the
members in the family. The famous Erdés—Ko-Rado theorem and the following
theorem ([3]) belong to this category.

Theorem 1.3. Assume that all members in a family F have odd cardinality and ev-
ery two members have even intersection, then F cannot have more then n members.

As a match to Theorem 1.2, Theorem 1.3 is usually referred to as the “odd
town 7 theorem [3]. There are many other wonderful theorems in this area such
as the Erdés—de Bruijn inequality [6], the Ray-Chaudhury-Wilson theorem [13],
the Frankl-Wilson theorem [8], etc. We will discuss some of these results in later
sections.

The most amazing about theorems on set systems with restricted intersections
is the fact that many of them can be proven in a very elegant way by the linear
algebraic method, using the following general scheme:

Step 1. Assign vectors of a properly chosen linear space V' to the members of the
system.

Step 2. Use the restricted intersection condition to show that the family of vectors
should have certain properties, and then use these properties to derive a bound
for the size of the family. For instance, the most common trick is to show that
the vectors in the family are independent, which implies that the cardinality of the
family cannot exceed the dimension of the space.

Step 3. If the bound is not yet tight, one can occasionally sharpen it by adding
appropriate vectors to the system and applying Step 2 to the new (extended) set of
vectors. By this trick one gains an additional term (which is equal to the number
of vectors added) on the bound.

The excellent monograph [3], by Babai and Frankl, contains many proofs
using this scheme. Readers could also find here various astonishing applications
of theorems on systems with restricted intersections in many areas of mathematics.

Let us sketch here the proof of Theorem 1.3, which illustrates the ideas de-
scribed in the scheme very nicely.

Proof of Theorem 1.3. To each member A of the set system, consider its charac-
teristic vector v4 in GF™(2), the n-dimensional vector space over the field GF(2).
The even intersection condition implies that if A+# B, then vqvg =0, where v vp
denotes the classical inner product of v, and vp.

On the other hand, every member in the system has odd size, thus vqvy =1
for every A. Now we prove that the vectors vy are independent. Indeed, assume
that vq, +...+vy, =0. Taking the inner product of both sides with v4,, we would
obtain

VA VA, T VA VA, T o0 04,04, =
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—1404...40=1=1v,,0=0,

a contradiction. Thus, the vectors v4 are independent; this implies that the size of
the system is at most n, the dimension of the space, and completes the proof. 1

Looking at this proof carefully, we can see that Step 2 is crucial, and at this
step we definitely need to use the restricted intersection property. One may ask the
following natural question:

Can we still prove some bounds if we allow some exceptional intersections of
sizes not in the restricted set L?

In general, it is not clear how one could deal with this relaxation. Because of
the existence of exceptional intersections, the statements we can prove (in Step 2)
under the original condition will not hold. For instance, if odd intersections exist,
then the argument used in the proof of Theorem 1.3 could not be repeated by any
chance.

Fortunately, the situation is not completely hopeless. In many cases, it turns
out that if the number of exceptional intersections is relatively small, then the
problem is still solvable with the help of additional tools (from extremal graph
theory, for instance). In these cases we are able to prove tight bounds, which, in
addition, lead to interesting optimal constructions. The purpose of this paper is
to present these possibilities and to point out further questions that may lead to a
deeper understanding of the subject.

First, we need to state the problem precisely. Let s be a non-negative integer
and L be a set of non-negative integers; we want to determine mg(n,L), the
maximum cardinality of a set system {Aj,As,...,An} on the ground set X of
n elements with the property that for each index i there are at most s indices j#1
satisfying [A;NA;|¢ L. In other words, each A; could have at most s “exceptional”

intersections. For the special case when s=0, we have mg(n,L)=m(n,L), and we
return to the original problem when every intersection is restricted. If s >0 we call
the problem the s-weak version of the original. If there are further conditions on
the sizes of the members of the family (such as in Theorem 1.3), we shall keep the
general notation mg(n, L) unchanged, and specify these conditions separately. The
rest of the paper is organized as follows.

In Section 2, we consider the s-weak version of Theorem 1.3. We give a tight

bound for the case s < 2"/4 and an asymptotically tight bound for s> 27/2 The
proof involves a tricky combination of various tools from linear algebra and extremal
graph theory.

Section 3 starts with a weak version of Theorem 1.2. In subsection 3.1, we

display a tight bound for the case s < c2n/27108n where ¢ is a positive constant.
This result is proven in a previous paper [14]. The rest of Section 3 is devoted to
problems concerning systems with even multi-intersections (intersections of more
than two sets) and their weak versions. We shall briefly discuss the difficulties one
may have with intersections of more than two sets. For instance, we shall explain
why the general proving scheme presented above, which is extremaly powerful in
dealing with intersections of two sets, becomes useless for multi-intersections. Quite
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surprisingly, the notion of weakly restricted intersection turns out to be useful in
the study of systems with restricted multi-intersections, at least in some special
cases.

In Section 4, we consider the 1-weak version of the nonuniform Fisher inequality
(Theorem 1.1). Although the Fisher inequality is probably the best known theorem
in the area, the classification of the optimal systems (those that have exactly n
members) is still far from completed. The main conjecture, known as the A-design
conjecture (by Ryser and Woodall [12, 15]), is almost thirty years old, but still
open. Rather unexpected, for the 1-weak version, we could find both the tight
upper bound and the classification of all optimal systems. This classification leads
us to a new extremal set theoretic characterization of Hadamard’s matrices.

In Section 5, we present a few more results concerning weak versions of other
classical problems along with several open questions and conjectures.

2. Weak odd town

O dd town is a village with n lazy inhabitants, spending their time forming clubs.
These clubs should obey the following rules:

1. Each club should have an odd number of members.
2. Every pair of clubs should have an even number of members in common.

Theorem 1.3 asserts that this crazy village cannot create more than n clubs.
We now wonder how many more clubs could they create, if rule 2 is weakened in
the way we described in the introduction. Assume that each club may have at most
s odd intersections with other clubs. We are interested in mg(n,L), the maximal
number of clubs the village may have under the modified rules.

In this and the following section log has base 2 and {a} denotes the fraction
part of a, that is, {a} =a— |a]. We shall sometimes call a set odd (even) if it has
odd (even) cardinality. Our main result in this section is the following.

Theorem 2.1. If s satisfies the following two conditions
e [logs]<(n/4)—1
o If {logs}#0 then {logs}>log(1+(8/n)),

then mg_1(n,L)=s(n—2[logs]).

The first condition on s indicates that the theorem may not hold for very

large s. This turns out to be the case, as shown in Theorem 2.3. However, the
rather weird looking second condition may need some explanation, and we shall
address this issue in a remark at the end of the proof. To make the appearance of
Theorem 2.1 cleaner, we consider mg_1(n, L) instead of mg(n,L).
Proof. Let {A1,..., Ap} be a set system satisfying the modified rules. Let v; denote
the characteristic vector of A; in GF"™(2). Define a simple graph G(V,E) on the
set V'={1,2,...,m} as follows: (i,7) € E if and only if [A;NA;[=1 (mod 2), i.e.,
viv;=1.
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Since we are considering ms_1(n, L), each A; has at most s—1 odd intersections.
Consequently, degi < s for every 1.

Consider an independent set D in G with maximum cardinality |D|=c«. By a
well-known theorem of Turdn, it follows that a>m/s, so r=a—m/s>0. For each
1€ D let T; be the set consisting of < and all the vertices of G the only neighbor of
which in D is i. Let T=V\U;cpT;. Denote by e the number of edges between the
two components D and V\D. Since degi<s for every i€ D, we have a(s—1)>e.

To bound e from below, notice that (by the definition of D) any point in
V\D should have a neighbor in D. Moreover, if a point is in T, then it should
have at least two neighbors in D. Therefore, e > |T|+ (m — «). Consequently,
a(s—1)>|T|+ (m—c). Replacing a =m/s+r, we obtain rs>|T|.

Notice that ) ;cp |[T;| =m —|T'|. Without loss of generality, one can suppose
that 1€ D and |T1|=max;c p|T;|. This implies that |T1|>(m—rs)/a.

Consider the subgraph G4 induced by T4. If there were a pair j,;j’ € T} such
that (4,5') ¢ E, then DU{j,5'}\{1} would be an independent set of cardinality
larger than o, which contradicts the definition of D. This shows that G1 should be
the complete graph. Let 7,5, k,k’ be arbitrary elements of T, the definitions of G
and D imply that

(vj +vj0) (v + V) = vjog + Vo F VR + v =141 +14+1=0
(vj +vj)vr = vjur +vpvr =1+1=0
(Uj + Uj/)vi =0V + Vv = 0+0=0

for every i€ D\{1}. (The equalities are in GF(2).)

Denote by Vj the subspace of GF™(2) spanned by the vectors v; +wv;, where
j,j' €T1. Let D={v;|i € D}. The equalities above imply that V; C VIJ‘ and D C Vf‘.

Here comes the key trick of the proof. By a well-known fact from linear algebra,
there is a subspace Vo C Vlj‘ such that V- =V, @ Vo, where @ denotes the direct
sum. It follows that each vector v; € D has a unique decomposition v; :vil +vi2 with
vil €V1 and v? eVs.

Note that for each pair 7,5 € D, v;v; = d;j, where §;; is the Kronecker index;
0ij=1if i=j and d;; =0 otherwise. On the other hand, by the decomposition and

the fact that Vi C Vf‘

1 1
vvj = (v; +vl~2)(vj +v]2~) = vzvjz,

which implies that v?vjz =0d;;. Following the proof of Theorem 1.3, one can use this

fact to show that the vectors vz? , where v; €D, are independent. So

D|=a="+r < dim Vs = dimVi- — dimV; = n — 2dim Vi,
S



572 VAN H. VU

which implies m < s(n —r —2dimV7). Since V] contains at least |T7| different

vectors, dimV > [log|T1|] > [log((m —rs)/a)]. Let f(r)=r+2[log (m— TS)], where
a = (m/s)+r. With this notation the fact that m < s(n —2dimVj) implies that
m<s(n—f(r)).

We complete the proof indirectly.  Assume (for a contradiction) that
m>s(n—2[logs]); since m < s(n— f(r)), it follows that f(r) <2[logs]. We shall
show that this will actually lead to a contradiction. Consider the following two
cases:

Case 1. r>(m/s)—4. By the first condition on s that [logs]<(n/4)—1, it follows
that 2[logs] < (n—4)/2 and hence
s(n+4)
> — S =
2 T 2 2 = 2 i

s(n — 2[log s]) > s(a+4) s(%+r+4)>g(%+m,4+4)

a contradiction.

Case 2. r<(m/s)—4. Suppose r >2, note that then (&t —r)/(% —r+2)>4/6 and
(& +r—2)/(2+7)>6/8. Moreover

o TS m—(r—2)s
E -2
m—rs (m/s)+ (r —2) 4x6
m/s)—i—r>< m— (r—2)s T

= log
(

which implies that f(r) > f(r—2). Let v’ =r—2|r/2]. We have 0 <1’ <2 and
f(r")< f(r)<2[logs]. The fact that r’ <2 yields the following

(m/s) —1' — 2[logs] — 1

Iy 2 20wy 2 2o ﬁ
n—2((n/4)—1)—2,

2(1ogsn_2((n/4)_l)+21 2[log ; (g/ )1

Now assume that s = 2k+5, where 0 < <1 and k is an integer. The second
condition on s yields
)
s k_ 2 k
=2 > 2%
1+ (8/n) 1+ (8/n)

which shows that f(r') >2(k+1)=2[logs], a contradiction. This shows that the
assumption m > s(n —2[logs]) is false; thus, we can conclude that ms_1(n,L) <

s(n—2[logs]).
To show the lower bound, let us consider the following construction.

Construction 2.2. Consider the set X = {a1,a2,...,ap,b1,b2,...,bp,c1,c2,...,¢1},
where p = [logs]| and [ =n —2p. It is trivial that X has n elements. Choose s
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different subsets I1,12,...,Is of the set {1,2,...,p} and set A; ; :{Ci}Uqulj {aq,bq}

for every 1<i<1l,1<j<s. This way we obtain a system of s(n—2p) sets satisfying
the desired weak restricted intersection property. Indeed, it is trivial that |A; ;| is

!, Since j' can

odd for all 4,5. Moreover, |A4; ;N Ay j| is odd if and only if i =1
have s —1 values different from j, it follows that each member of the system has
exactly s—1 odd intersections. This shows that the bound is tight and completes

our proof. |

Remark. In Theorem 2.1, we want to find the exact value of mgs_1(n, L), which is an
integer. This requires the round-off of log s and results in some technical arguments
at the end of the proof. A slightly weaker bound mgs_1(n, L) <s(n—2logs) could be
proven with less technical details and without the (somewhat artificial) condition
that {logs}>1log(1+(8/n)). This condition was introduced in order to keep s away
from a power of 2 so that the function s(n—2[logs]) is increasing in the restricted
domain of s. This is clearly a necessary condition, since (by definition) mg(n, L) is
an increasing function in s. It is easy to see that if s is very close to a power of 2, then
s(n—[logs]) is not increasing. For example, s(n—2[logs]) < (s—1)(n—2[log(s—1)1),
for any s= 2k41>n. The following theorem deals with the case when s takes larger
values.

Theorem 2.3. 1. If 22> §>2"/2 then my(n,L)=2s+0(2"/2).
2. If 272 > s >2"/* then my_1(n,L) <s(n/2+41.5).

The first bound is approximately tight in the sense that when s> on/ 2 the
error term is negligible. For s > 272 we have mg(n,L) = 2! because in this
case the family of all 271 subsets of odd cardinality satisfies the weak intersection
property.

Proof. To prove the first part of the theorem, let us consider a graph G defined on

the family of 27! subsets of odd cardinality of a ground set X (|X|=n, as usual)
as follows: Two odd subsets form an edge if their intersection is also odd. One
could prove that G has a pseudo-random property that for every subgraph G’ on

n’ nodes, G’ has ("QI) /24+0(2"/2n/) edges. This means that if a subgraph has more
than 2/2 vertices then its average degree is about half of the number of vertices.
Consequently, if the maximum degree of a subgraph is at most s, then the number

of vertices could exceed 2s by only a term of order 0(2”/ 2). This implies
me—1(n, L) < 25+ O(2"/?).

For general information about pseudo-random graphs, we refer to [2]. It is
interesting to compare the first part of Theorem 2.3 to Theorem 2.1, and observe
the fundamental shift in the background of the problem. For smaller s, the problem
has algebraic flavor; but when s getting larger it starts to merge into the area of
random structures.
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To show that the bound is sharp up to the error term 0(2”/ 2), let us consider
the following construction.

Constructions 2.4. Suppose s =2P142P24 2Pk where n—2>p1>pa>...>pp >0.
Consider a family of nested sets A} D A2D...D Ay, where |A;|=p;+3 for i<k and
|Ag|=pr+2. For all 1<i<k, choose x; € A;\A;+1, and let A; be the family of all
subsets of odd cardinality of A; containing z;. Furthermore, let A; be the family
of all odd subsets of Aj. By the way x; were chosen, it is obvious that the families
A; are mutually disjoint. It is also simple to verify that | A;|=2Pi+! for all 1 <i<k.

The family A= UleAi has exactly Ele 2Pit1l — 25 members, and readers could
check without much difficulty that each member in this family has at most s odd
intersections.

To prove the second part of the theorem, let us repeat the proof of Theorem 2.1
with the same notations. This way one can deduce that mgs_1(n,L) <s(n—h(r)),

(m—rs)

where h(r) =r+2log === and a = (m/s)+r. It is easy to verify that h'(r)=
1— 4m/s

(m/s+r)(m/s—r)"

Note that if 7 < (m/s) —3 then h'(r) > 0, i.e., h(r) is increasing. Hence,
h(r) > h(0) = 2logs. It follows that mg_1(n,L) < s(n—h(r)) < s(n—"h(0)) =
s(n—2logs)<sn/2.

In the remaining case when > (m/s)—3, notice that by definition r =a—(m/s).
Thus > (m/s) — 3 implies o > 2(m/s) —3. On the other hand, by the definition
of @ (a=|D| = the maximum size of an independent set in G) one can show that
n>«, using the argument that the characteristic vectors of the members in D are
independent. Hence, we have n>2(m/s) — 3, that is, m <s(n/2+1.5). The proof
is thus completed. |

3. Set systems with even multi-intersections

3.1. Weak even town

Erdés asked the following question [4]: How many subsets can one choose from a
set of n elements so that the intersection of every two subsets is even?

Theorem 1.2, proven independently by Berlekamp [4] and Graver [9], gives the
complete answer for this question. In our terminology, it states that if L is the set

of all non-negative even integers, then mo(n, L) =2"/21 1 5(n), where 6(n)=1if n
is odd and 6(n)=0 otherwise.

In [14], we solved the weak version of this problem for all values of s up to

c2n/2-1ogn with some positive constant ¢. The following theorem is a simplified
and more pleasant version of the result stated in [14].
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Theorem 3.1.2. There is a positive constant c¢ so that
1. If n is odd and s < c2™/27198" then mg(n, L)=21"/2] 1,

2. If n is even and s < c2™/271087 then ms(n,L):QL”/%.

In the next section, we shall apply Theorem 3.1.2 to tackle a problem concern-
ing systems with even multi-intersections and its weak versions.

3.2. Systems with even multi-intersections

The following problem can be considered as a generalization of Erdds’s problem
mentioned above.

Let k be a fized integer at least 2. How many subsets can one choose from a
set of n elements such that the intersection of any k of them is even?

As mentioned in the introduction, problems concerning intersections of more
than 2 sets are definitely harder than those concerning intersections of two sets. In
fact, very few theorems on systems with restricted multi-intersections are known,
and no general proving scheme such as the scheme described in the introduction
exists. In the next few lines, let us briefly address the main obstruction caused by
multi-intersections. The power of the proving scheme described in Section 1 relies
on the fact that usually one can find a binary operator H from V xV to a properly
chosen field, so that the value of H(u,v) carries some significant information about
the intersection of the sets represented by w and v. For instance, in the proof
of Theorem 1.3, H(u,v) is the inner product of v and v in GF(2), and its value
gives us full information about the parity of the intersection of the corresponding
sets. However, for the intersection of three sets, we have not yet found any natural
ternary operator to carry out the same job. And the problem does not look any
simpler when one wants to consider intersections of more sets.

Quite surprisingly, it turns out that in our current problem the notion of
set systems with weakly restricted intersections provides a great help. Using this
notion, we could determine exactly the maximal cardinality of the set system in
question, when k is not too large (compared to n). The following theorem was
proven in [14].

Theorem 3.2.1. There is a positive constant ¢ so that the following holds. If
Aq,... Ay, are different subsets of a set X of n>clogk elements with the property
that for every set of k different indices i1,...,1, the intersection m?:lAij has even

cardinality, then m < 2ln/2] in the case n is even and m < 2ln/2] +k—1 in the case
n is odd.

The proof of this theorem relies on the following lemma.

Lemma 3.2.2. If Ay, Ao,..., Ay, are odd subsets of a set X of n elements with the
property that for every k different indices i1, ...,i, the intersection A;; NA;,N...NA;,

has even cardinality, then m<(k—1)(n—log(k—1)).
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To prove Theorem 3.2.1, we first bound the number of odd intersections of any
member in the family using the previous lemma, then apply Theorem 3.1.2, which
is a theorem on systems with weakly restricted intersections. For the detailed proof,
which involves many technical arguments in the case of odd n, we refer to [14].

Let us now consider the s-weak version of Theorem 3.2.1. The problem reads as
follows.

Let Aq,..., Ay, be subsets of a set of n elements such that for every set of k—1
different indices i1,i2,...,i;_1, there are at most s indices iy, (i, #ij,j < k) such

that |ﬂ§:1 Aj;| is odd. What is the maximum value of m in terms of s, k and n?

Again, we are able to prove a sharp bound, assuming s and k are not too large.
The following theorem generalizes Theorem 3.2.1.

Theorem 3.2.3. There is a positive constant ¢ so that the following holds. If
A1,..., Ay, are different subsets of a ground set X of n > c(log(s+k)) elements
with the property that for every set of k—1 different indices i1,i2,...,i)_1, there

are at most s indices iy, (i, 71,7 <k) such that |ﬂ§:1 Aj;| is odd, then m<2ln/2]
in the case n is even and mS?Ln/QJ +k-+s—1 in the case n is odd.

In order to prove this theorem, we first need to prove the following lemma, which
can be seen as the s-weak version of Lemma 3.2.2.

Lemma 3.2.4. If Ay, As,... Ay, are odd subsets of a ground set of n elements with
the property that for every k—1 different indices i1,19,...,i,_1, there are at most s
indices iy, (i, #1,j <k) such that \ﬂ?zlAij | is odd, then m < (k—1+4s)(n—log(k—1)).
Proof. If k > m, then the statement is trivial. Therefore, we may assume that
k < m. For each A;, let v; be its characteristic vector in GF"(2); furthermore,

let d be the dimension of the subspace spanned by the vectors v;. Clearly, d <n.
Moreover, notice that in any subspace of GF™(2) at least half of the vectors have

even weights. Since all v; have odd weights, we conclude that 20=1> ;> k. Thus,
d>logk+1>[log(k—1)]+1.

For any d > [log(k—1)|+1 =dp and any k > 2, we shall prove a stronger
inequality that

(3.2.4.1). m < (k—1+s)(d—log(k—1))
In the proof of (3.2.4.1), we shall need the following elementary claims.
Claim 1. If d=dy—+1 then

(k —1)(d —log(k — 1)) > 2971,

Proof. Let x=|log(k—1)]+1—log(k—1). It is clear that 0 <2 <1. The claim is
equivalent to the following

(k—1)2* < (k—1)1+x),
which follows immediately from the easy fact that for 0<x <1, 2¥<1+uz.
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Claim 2. If d>log(k—1)+2 then
(k —2)(d —log(k — 2)) < (k — 1)(d — log(k — 1)).

Proof. The claim is equivalent to
(k—2)(log(k — 1) — log(k —2)) < d —log(k —1).

Since the function zlog(l+1/x) is increasing, it is easy to see that the left
hand side is upper bounded by loge <2 (where e is the natural logarithmic base).
Since d—log(k—1)>2, the proof is complete.

The proof of (3.2.4.1) uses induction on both & and d. To start, let us notice
that if d=dg+1, then by Claim 1.

m <2971 < (k—1)(d —log(k — 1)) < (k — 1 4 s)(d — log(k — 1)),

for any k>2 and s >0. This says that (3.2.4.1) holds in this case for any k> 2.
Now let us consider the case k=2. Define a graph G on {1,2,...,m} the following
way. For any 1 <i<j<m, (i,j) forms an edge if and only if A;NA; is odd, or
in other words, v;v; =1. By the weak restricted intersection of the system, each
vertex has degree at most s. Thus, there is an independent set I of size at least
m/(s+1). Without loss of generality, assume I ={1,2,...,t}, where t >m/(s+1). By
the definition of G, the system {A1,..., A} satisfies the condition of Theorem 1.3.
Therefore, we can repeat the proof of Theorem 1.3. to show that ¢ <d. This implies
that
m/(s+1) <t <d,

which yields m < (s+1)d = (k—1+s)(d —log(k —1)), for k =2. Hence, we may
conclude that (3.2.4.1) holds if k=2 for any legitimate value of d.

Consider k>2 and d>dp+1. Assume that (3.2.4.1) holds for any pair (¥',d’),
where (k',d’) satisfies one of the following two conditions: (1) dy+1<d' <d and
k'>2; (2) 2<k' <k and d’ >dy+1. We shall prove that it holds for the pair (k,d).
Consider the following two cases:

Case 1. For every set of k—1 different indices i1,...,i5_1, the sets A; ,...,A4; |
have even multi-intersection. In this case, for any set of k — 2 different indices
i1,...,i_9, there is no iy_7 such that the intersection ﬂ?;llAij is odd. Since
d > dg+1, it follows that d >log(k—1)+2. Thus, by the induction hypothesis
(applied on k) and Claim 2, we have

m < (k—2)(d—log(k —2)) < (k—1)(d—log(k—1)) < (k—1+s)(d —log(k —1)).

A
be the members of the system which have odd intersection with A:ﬂgtllAij. By

A

with odd intersection. Let A; u

J1oc

Case 2. There are k—1 sets A

SRR ]

the restricted intersection property of the system, u<s. Call a vector v; busy if it
is the characteristic vector of one of the k—1-+u members considered above. If y;
is not busy, we say that v; is free.
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Claim 3. Any busy vector is independent from the subspace spanned by the free
vectors.

Proof. Let v denote the characteristic vector of A. Suppose v; is free; by the
definition of a free vector,

v = |A; N Al (mod 2) = 0.

On the other hand, if v; is busy, then A;NA has odd cardinality by the definition

of busy vectors. Thus
v = |A4; N Al (mod 2) = 1.

Now one can complete the proof by a similar argument as in the proof of
Theorem 1.3.

From Claim 3, it follows that the dimension of the subspace spanned by the
free vectors is at most d— 1. Thus, by the induction hypothesis (applied on d), the
number of free vectors is at most (k—1+s)(d—1—1log(k—1)). On the other hand,
the number of busy vectors is k—1+u<k—1+s. Together, we obtain

m<(k—-1+s)(d—1-1loglk—1))+(k—1+s)=(k—1+s)(d—log(k—1)),
which completes the proof of (3.2.4.1) and that of the lemma. |

Now let us sketch the proof of Theorem 3.2.3 for the case n is even. Fix an
arbitrary member A;, and let By,..., B; be its odd intersections with other members
of the system. One can verify that the family {B; }2':1 satisfies the following two
conditions:

e |Bj| is odd (by definition).

e For any k—2 sets B;,,...,B
B; ﬂﬂf;f B;, has odd cardinality.

By Lemma 3.2.4, we have the following bound on {:

I <(k—=24s)(n—1log(k—2)) < (k+ s)n.
So, any member A; of our system cannot have more than (k+s)n odd intersections
with other members. By Theorem 3.1.2, if the condition (k4 s)n < ¢2/2/n is
satisfied, then our system cannot have more than 2"/2 members. This completes
the proof of Theorem 3.2.3 for the case of even n.

To get the bound in the case of odd n, one needs to repeat the proof of
Theorem 3.2.1 (see [14]) with some nominal modification. We omit the details.

To see that the bounds in Theorem 3.2.3 are sharp, consider the following
construction. Assume that n is odd, partition a subset of n—1 elements into (n—1)/2

ir_o» there are at most s sets B; (j#1p) so that

pairs. Let B be the family consisting of all possible unions of pairs (|B|=2(""1/2),
Choose k+s—1 arbitrary members of B and add to each of them the remaining
element of the ground set. The union of B and these k+s—1 subsets forms a family
achieving the upper bound. For n even, simply take all possible unions of n/2

pairs. This family has 27/2 members and every k of them have even intersection,
no matter what k is.
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4. Non-uniform Fisher inequality under weak condition

Let L={\}, where X is a non-negative integer. Theorem 1.1, known as the nonuni-
form Fisher inequality [5,10], states that mqg(n,L) <n. Although this is probably
the first and most famous result on set systems with restricted intersections, it is
still difficult to characterize all optimal systems (when equality is achieved). There
are characterizations for some special cases; the best known is probably the the-
orem of Erdds and de Bruijn which deals with the case L = {1} [6]. Under this
circumstance, an optimal system is either a projective plane or a “pencil”. If the
system is uniform (i.e., all members have the same cardinality), it is known that
an optimal system should be a symmetric design [11]. The situation in the general
case is unclear. In order to classify all optimal systems without special assump-
tions, Ryser and Woodall (independently) made the so-called A-design conjecture
([12,15]). Almost thirty years old, this famous conjecture is still open.

In this section, we are going to consider the 1-weak version of the nonuniform
Fisher inequality. We are able to prove a tight bound for this problem. Somewhat
surprisingly, it turns out that all optimal constructions can be characterized by
Hadamard’s matrices. This, at the same time, results in a new extremal set
theoretic characterization of Hadamard’s matrices.

Theorem 4.1. Suppose that L={\}. If n>2 then mj(n,L)<2(n—1). Moreover,
except the case n=3, the equality holds if and only if n=4)\ and an Hadamard’s
matrix of order n exists.

It is simple to show that m1(1,L)=2 and m(2,L)=3, so the bound does not
hold in these cases.

In this section, rank(M) will denote the rank of a matrix M. In order to prove
the theorem, first we need the following lemma.

Lemma 4.2. Let M be an n by m matrix of rank r. Denote by M + u the
matrix obtained from M by adding to every column a non-zero vector u. Then,
rank(M +u) > rank(M) — 1. The equality rank(M +u) = rank(M) —1 holds if
and only if for any choice of r independent columns of M, the vector —u and every
column of M can be seen as an affine combination of the chosen columns.

Proof. The inequality rank(M +w) > r—1 is trivial by the subadditivity of the
ranks of matrices. Assume that rank(M +u) = r — 1. Choose r independent
columns v1,v2,...,v, of M arbitrarily. The n by r matrix with columns v; + u
(1 <i<r) has rank r —1; so, we can suppose that the first r — 1 vectors v; +u
(1<i<r—1) are independent and that the last vector v, +u can be represented
as a linear combination of them. So, one can find r—1 coefficients aq,a9,...,qp—1

satisfying that: v.+u= ::_11 a;(vitu), that is, —u( ::_11 a;—1)= —vr—l—zg:_ll @;v;.
Divide both sides of the last equality by ( ::_11 a;—1), we obtain —u as an affine

combination of the vectors v; (1<i<r).

Consider an arbitrary column vector v; of M. Since the rank of M is r—1,
the vector v;+wu can be written as a linear combination of the independent vectors
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vitu (1<i<r—1) yy+u= g:_ll%-(@i—l—u). Thus we have v; = Zg:_ll%‘%‘"‘

( ::_11 v —1)u. Replace u=>;_; f;v;, we can express v; as a linear combination

of the v;,1<i<r—1. The sum of the coefficients in this combination is Z:;ll ¥ +

(Z:;ll v —1)(3i_1 Bi) =1, since >_i_; B; = —1. This completes one direction of
the “if and only if” statement. The other direction is left to the reader. |

Remark. Let A be a non-negative number. Consider an n by n matrix A where
all diagonal entries are larger than A and all off-diagonal entries are equal to A.
The finishing step of all algebraic proofs of the nonuniform Fisher inequality is to
show that such A matrix must have full rank. The text-book approach is either
to compute the determinant of A directly, or to show that A is positive definite
(see [3], for instance). Lemma 4.2 offers a new proof. Let u be a vector with every
coordinate equals to A. It is obvious that rank(A—u)=n, since only the diagonal
entries are not zero. We need only show that rank(A) # rank(A—wu)—1. Since
A —u is diagonal with positive entries, no affine combination of its columns would
give the vector —u, which has only negative entries. Hence, A has full rank by the
criterion provided in the previous lemma.

Proof of Theorem 4.1. It is easy to show that my(3,L)=4. So from here we can
assume n >3 and m>4. The case A=0 is also very easy to analyze, so in this proof
we assume A > 0. We call a member A; normal if all of its intersections have A
elements. If |A,NAq|# A, we call the pair (Ap, Ay) irregular. Apparently, a 1-weak
family A can be partitioned into irregular pairs and a set of normal members

A= {A17A1’} U {A27A2’} u...u {Ak’7Ak’} U {Ak’-‘rlﬂAk’—‘rQa e 'aAk’-‘rl}a

where (A;, A;1) (1<i<k) are the irregular pairs and Ay ; (1<j<I) are the normal
members.

It is clear that if there is a member with less than A\ elements, then all of its
intersections are irregular; in this case, the system can have at most 2 members.
So we can assume that each member has at least A elements. The following claim
deals with the case when there is a member with exactly A elements.

Claim 1. If there is a member with exactly A elements, then m <2n —2.

Proof. Assume that Aj, has exactly A elements. Since any normal member Ay ;
of A intersects Ap in A elements, it follows that Ay ; should contain Aj,. Consider
an irregular pair (A;, A;), where p # i and p # i; it is trivial that both A; and
A should contain A, by a similar reason. Using the 1-weak restricted intersection
property, it is simple to check that the sets Ay ;\A4p (j=1,...,1) and (A4;UAy)\Ap
(p#i,p#i’) should be pairwise disjoint.

Observe that if p#4 and p#4/, then (4;UA;)\Ap should have at least two
elements, since both A; and A; contains A, and they are not identical.

Suppose that A, is normal, i.e., p = k+ jo, for some jo. The set X\ A, of
cardinality n—\ contains all the sets Ay ;\Ap and (A4;UA;)\ Ap, which are pairwise
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disjoint. Since only Ay j,\Ap is empty and |(A; UA;)\Ap|>2 for all i, it follows
that n—A>2k+1—1=m—1. Consequently, m<n+1—-A<2(n—1) since n>3.
The case that Ay is in some irregular pair could be treated similarly. This ends the
proof of the claim.

By the previous claim, from here we can suppose that every set in the family
has more than A elements. Let v;,v; and uj; be the characteristic vectors of A;, Ay
and Ag, ;, respectively. By the intersection property of the family we obtain the

following

Claim 2. v;v; £\ for 1<i<k;
ViV = VUR = UpUg = A for all i, j, h, g where j#1i’.

Let M be the n by m matrix with columns v1,vy/,...,vg, v, u1,...,u;. Denote
by J¢ the all-one ¢ by ¢t matrix and let 14 denote a column vector of J¢. Furthermore,

let My =MTM and My=M; — \Jp,. By Claim 2, it is clear that Ms is the direct
sum of £ 2 by 2 and [ 1 by 1 matrices

My=VieWhe..eaV,aeU1eUsd...0 U,

where the 2 by 2 matrices correspond to the irregular pairs, and the 1 by 1 matrices
correspond to the normal members.

Note that all of the U; are non-zero since |Ajyj| > A, so we have that
rank(Mz) =Y rank(V;)+1. On the other hand, n > rank(My) > rank(Ms) — 1.

This implies that if rank(Msg) > mT%, then m <2n—3. So, in the rest of the proof

we may assume that rank(Msa) < mT-i-4 Since mT-i-4 <m and M is an m by m ma-

trix, one of the matrices V; must have rank one. The following claim tells us when
a matrix V; (which corresponds to the irregular pair (4;, A;/)) has rank one.

Claim 3. V; has rank one if and only if |A;NAy|—A=—(|4;] = ) =—(JAy| = A).

Proof. By the definition of Ma, the entries of Vj are |A;|—\, |A;NA; |-X, [A;NA; |,
and |A4;/| — X (in order from left to right and top to bottom). Claim 3 follows by a
simple computation.

Observe that if the condition of Claim 3 holds for some Vj;, then the vector 1,,
is not contained in the subspace spanned by the column vectors of Ms. Therefore,
by Lemma 4.2, rank(Mi)=rank(Maz). Consequently, we have that n>rank(Ma).
So if rank(Mz) > m2+2 again we obtain that m <2(n—1). Notice that rank(Mas)

is at least m/2; thus, there remains three cases to analyze: rank(Ma)=(m+2)/2,
rank(Mz)=(m+1)/2, and rank(Mz)=m/2.

Case 1. rank(Ms) = WTH We show in this case that m < 2(n—1). Recall that
m=2k+l. The structure of Ms (as the directed sum of k£ 2 by 2 and [ 1 by 1 matrices,

each of which has rank at least 1) implies that if rank(Mz)=(m+2)/2=k+1+ %,
then one of the following two cases should hold:
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(a) k=m/2 and exactly m/2—1=k—1 among the 2 by 2 matrices V; have
rank one.

(b) k=m/2—1 and all k& 2 by 2 matrices V; (1<i<k) have rank one.

Consider case (a) and suppose that rank(V;) = 1 for every 1 < i < k and
rank(Vy) = 2. Let x; =v; — vy for all 1 <i < k. By Claim 2, it is trivial that
the z; are pairwise orthogonal and hence independent. On the other hand, with
the help of Claim 3, it is not complicated to verify that each x; is orthogonal
to each of the following four vectors: wg,vgs,v1 + v17,1,. So, we obtain that
o —1=dim(x1,22,...,25_1) <n—dim(vg,vg,v1 + 017, 1) =n—p. Since v, and
vy are independent, p is at least two. If p > 2, it follows from the inequality in
the previous sentence that m < 2(n—1). To complete the proof, we show that
p =2 cannot occur. Assume that p=2; it follows that 1,, and v{ +vy/ are linear
combinations of v, and vis. On the other hand, vy, vy/, v, and vy are (0,1) vectors;
thus, the only way to have both 1,, and vi +wvys as linear combinations of v; and
v is the following

’Uk+’Uk/ = ln = V1 +U11.

But then we would have vp1ly, = v 1y, = v (v1 +v1/) = v (v1 +v17) = 2, which
implies that |Ag|=|Ag/|=2X. On the other hand, Ay and A,/ are disjoint because
vtug =1p. So Ay, and A satisfy the condition of Claim 3 and therefore r(V},) =1,
a contradiction.

Now let us consider case (b). Let x; =v; —v; for all 1 <i<k. In this case,
since k=(m/2)—1, we have two normal members with characteristic vectors u; and
ug, respectively. Again Claim 2 tells us that the vectors z; (1<i<k) are pairwise
orthogonal. Moreover, all of them are orthogonal to uy,us, and 1,. Since ui,u2
are (0,1) vectors and ujugs =\, the three vectors uy,us and 1, are independent. It
follows that k=% —1<n—3. This implies m <2(n—2).

Case 2. rank(Ms) = mT—H This case occurs if and only if k = mT_l and each of
the V;,i <k has rank one. Define the vectors x;,i < k as in the previous case. A
similar reasoning shows that these vectors are independent. Moreover, each x; is
orthogonal to both u; and 1,. Since u; and 1,, are independent, it is clear that
mTfl <n—2, which implies m <2n — 3.

Before continuing to Case 3, let us point out that the optimal bound 2n — 2
cannot be achieved in any of the previous cases. This bound can only be achieved

in Case 3, and the analysis of this case will eventually lead to the connection with
Hadamard’s matrices.

Case 3. rank(Mz)=". This case occurs if and only if k= and each V; (1<i<k)
has rank one. Again let x; =v; —v for all 1<i<k. By Claim 2, the vectors x; and
15, are pairwise orthogonal. The first consequence of this fact is that 5 <n—1, or

equivalently m <2(n—1). This gives us the desired upper bound. To characterize
the optimal constructions, note that the z; are orthogonal to vj + v for every

1<j<k. Soif m=2(n—1) then for all j, v;+wvj must be equal to 1p, that is,
every irregular pair must form a partition of X. In this case, each z; is an (1,—1)
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vector. Therefore, we may conclude that if an optimal construction exists then we
could find an orthogonal basis of R™ consisting of the vector 1, and (n—1) (1,—1)
vectors. This is equivalent to saying that an Hadamard’s matrix of order n exists.

To complete the proof, let us show that from any Hadamard’s matrix {h;;}
of order n, one can construct an optimal system. First we can assume that the
first row of the matrix is all-one. Hence each of the remaining n—1 rows consists

of (n/2) 1’'s and (n/2) (—1)’s. Let X = {1,2,...,n}, and set Af = {jlhij = 1},
A7 ={jlhij=—1} for i=2,3,...,n. This way we obtain a family of 2n —2 subsets
of X. Moreover, |A;~'0Ai_|:0 and |A;~'DA]._|:|A;~'OA;'|:|A; ﬁAj_|:n/47 for all

1 and j. It is clear that each set has exactly one irregular intersection of size zero. i

5. Remarks and open problems

5.1. Remarks

Suppose there is a system with m members having the weak intersection property
with a parameter s. Using the standard greedy algorithm, we can select a subsystem
with at least m/(s+1) members with no exceptional intersection. Thus, we obtain
a trivial upper bound:

(5.1.0). ms(n, L) < (s + 1)mg(n, L)

Weak versions of the Frankl-Wilson Theorem

Let us first state the (uniform) Frank-Wilson Theorem, which is one of the
strongest results in this topic.

Theorem 5.1.1. (Frankl-Wilson) Let p be a prime number and L' a set of [ <p—1

integers. Let k be an integer, k¢ L'. Assume F is a family of subsets of a set of n
elements such that

(i) |E|=k (mod p) for every member E of F
(ii) |[ENF|e L’ (mod p) for every E and F in F, E#F.
Then |F|< (7).

Let L = {z|r (mod p) € L'}. In our terminology, Theorem 5.1.1 states
that mg(n,L) < (7), under the condition (i). Theorem 5.1.1 can be seen as a
generalization of Theorem 1.3. In fact, Theorem 1.1 could also be derived from
Theorem 5.1.1 as one sets p>n and [=1. Consider now the s-weak version of the
original problem which we obtain by keeping the condition (i) and replacing the
condition (ii) by the following weakened condition:

(ii’) For each member FE, there are at most s members F' so that |[ENF| ¢
L' (mod p).
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By (5.1.0), we have:

ms(n, L) < (s+ 1)mg(n, L) < (s+1) (7)

The following construction suggests that this bound may be approximately tight.

Construction 5.1.2. Consider the following partition of the ground set X (of n
elements): X = Ap Ugflg(s+1ﬂ B;, where |B;| = p for every i and |Ag] = n —
p[log(s+1)]. Define an optimal system Ag with restricted intersections on Ag;
| Aol =mo(n—p[log(s+1)],L) (by the definition of mg(n,L)). We can now select
s+ 1 different subsets of cardinality divisible by p, each is the union of some B;.
Call this system B. Define A= {A|A=AgUB, Ay € Ay, B € B}. The family A

has (s+1)mg(n—p[log(s+1)], L) members, and each member has s non-restricted
intersections. This yields

(s + 1)mg(n — p[log(s + 1)1, L) < mg(n, L).

Together with the upper bound described in (5.1.0) we have
Fact 5.1.3.

(s 4+ 1)mo(n — p[log(s+ 1)1, L) < mg(n,L) < (s+ 1)mg(n, L).
Suppose that p,s and L are fixed and n tends to infinity; if we can show

lim mg(n — p[log(s +1)],L)/mo(n,L) =1,

n—oo

then mg(n, L) is asymptotically (s+1)mg(n,L). In fact, since s and p are fixed, it

suffices to show that lim,_—.ccmqg(n—1,L)/mg(n,L)=1. Though true it seems, we
do not see how to prove this.

Weak versions of the Erdés—de Bruijn Theorem

When L={1}, we deal with the weak versions of the Erdés—de Bruijn theorem
[6]. For s =1 we can show that mi(n,L) = n+ 1. Consider the ground set
X ={0,1,...,n—1}. The only optimal system (up to isomorphism) consists of the
subsets {0},{0,1},...,{0,n—1},{1,2,...,n—1}. In the case s=2, the tight upper
bound is roughly 1.5n. This bound can be achieved within an additive constant by
considering the system

{0,1},{0,2},.. {0,n—1},{0,1,2},{0,3,4},...,{0,2|(n—1)/2| — 1,2|(n—1)/2]}.

The proofs of these results are rather technical and somewhat similar to that of
Theorem 4.1, so we omit them here.
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Weak versions of the (nonuniform) Fisher inequality

Consider the s-weak version of the Fisher inequality. By (5.1.0), it follows that
ms(n, L) <(s+1)n, since mo(L,n) <n. Except the case s=1 discussed in Section 4,
we have not found any construction which gives asymptotically (s+1)n. The best
construction we obtain gives a family with sn/4 members and is described below.

Construction 5.1.4. Consider two separate projective planes P; and P> of rank p.
Each P; has ¢ =p?+p+1 points. Let the ground set X be the union of P; and

Py; thus, | X|=n=2q. Denote by I, é,...lé the lines of P;. Set Ai,k::lilUlia_k for

all 1<i<q,0<k<t—1, where lg+k; = l]%,. The system {Ai,k} has gt members. If
A; i, and Ay s contain the same line then they intersect in p+ 2 points, otherwise

they intersect in 2 points. So each member in the system has exactly 2¢ exceptional
intersections of size p+2.

Twin versions of results in Section 2 and 3

Each problem considered in Section 2 and 3 has its “twin” version obtained
by flipping the parity. To handle the “twin” problems, we should modify the
original proofs presented here (in a fairly natural way) and use some additional
(but simple) arguments. For more detail, we refer to [14], where the “twin” version
of Theorem 3.1.2 is discussed.

5.2. Open questions

The theorems proven in this paper form only the “tip of an iceberg”, i.e., a
small part of a theory to be developed. It definitely requires more insight and
more powerful tools to deal with general questions concerning systems with weakly
restricted intersections. In the following we collect some questions that might shed
more light on the subject.

The problem we think the most challenging is to find a sharp bound for the
weak version of the Ray-Chaudhury—-Wilson theorem. Let us first state this famous
theorem.

Theorem . . (Ray-Chaudhury-Wilson) Assume that L is a set of | non-negative
integers, then

l

mo(n,L) <> (’Z)

=0
Question 1. Determine mg(n,L), for L being a set of | non-negative integers.

It seems already difficult to even estimate the ratio mg(n,L)/mg(n,L), as s
and L are fixed and n tends to infinity. The bound described in (5.1.0) implies
that this ratio is upper bounded by s+ 1. Theorem 4.1. asserts that if L={n/4}
then m1(n,L)/mg(n,L) ~ 2 for infinitely many n. However, this result might be
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misleading. As a matter of fact, we conjecture that if |L| is large compared to s,
and n tends to infinity, then the ratio in question tends to 1.

Question 2. Theorems 2.1 and 2.3 give tight bounds for the weak odd town problem,
when s<2"/4 and s> 2"/ 2 respectively. It remains an open question to determine

the tight upper-bound for the case when s is between 2"/4 and 2/2. We think the
bound s(n—2logs) is still valid for most values of s in this interval.

Question 3. We do not know if the bound in Lemma 3.2.2 is sharp, except the case
k=2. In [14], a construction with cardinality (k—1)(n—2log(k—1)) is shown. It
is also interesting to find the sharp bound in Lemma 3.2.4. Such a bound would
generalize Theorem 2.1.

Question 4. Consider Fact 5.1.3. To prove that mg(n,L) is approximately
(s+1)mg(n, L), it suffices to show the following:

nh_)moomo(n —1,L)/mp(n, L) = 1.

Let us mention here that the original Frankl-Wilson bound is sharp for certain
pairs of set L and number k. In these cases, the limit is really 1. However, there is
a chance that the Frankl-Wilson bound is not asymptotically tight for some L and
k. It would be interesting to prove or disprove this.
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